
On the addressability problem on CSS codes

Jérôme Guyot⋆ Samuel Jaques⋆⋆

* ENS Paris-Saclay, Université Paris-Saclay, France
** University of Waterloo, Canada

Abstract. Recent discoveries in asymptotically good quantum codes have intensified research on their
application in quantum computation and fault-tolerant operations. This study focuses on the addressabil-
ity problem within CSS codes: what circuits might implement logical gates on strict subsets of logical
qubits? With some notion of fault-tolerance, we show some impossibility results: for CSS codes with
non-zero rate, one cannot address a logical 𝐻 , 𝐻𝑃 , 𝑃𝐻 , nor 𝖢𝖭𝖮𝖳 to any non-empty strict subset of
logical qubits using a circuit made only from 1-local Clifford gates.
Furthermore, we show that one cannot permute the logical qubits in a code purely by permuting the
physical qubits, if the rate of the code is (asymptotically) greater than 1

3
and the distance is at least 3.

We can show a similar no-go result for CNOTs and CZs between two such high-rate codes, albeit with
a less reasonable restriction to circuits that we call “global” (though recent addressable CCZ gates use
global circuits).
This work pioneers the study of distance-preserving addressability in quantum codes, mainly by con-
sidering automorphisms of the code. This perspective offers new insights and potential directions for
future research. We argue that studying this trade off between addressability and efficiency of the codes
is essential to understand better how to do efficient quantum computation.
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Introduction

Motivation

Quantum computers are particularly vulnerable to noise, and so the most promising path to large-scale
quantum computing is to use error-correcting codes. In these codes, many physical qubits are combined
into one or more logical qubit(s), such that the logical qubits are long-lived and error-resistant.

A drawback of quantum error correction is that, by design, it becomes difficult to modify the encoded
logical state. Unlike with classical error-correcting codes, we cannot decode the state to compute on it,
as it is unlikely to remain coherent long enough for any operation. Thus, we need fault-tolerant quantum
computation: not only should we have a method to encode the data, but we should also be able to operate
on it while it is encoded.

A powerful tool in constructing fault-tolerant quantum computation is a transversal gate. Strictly speak-
ing, this is any physical circuit that is guaranteed not to propagate errors between qubits of the code, and
more commonly we require that it enacts some specific action on the logical state as well.

As an example, in a self-dual CSS code, applying an 𝐻 (Hadamard) gate to all physical qubits in the
code will not only preserve the codespace, it will effectively apply an𝐻 gate to all logical qubits in the code.
However, in most quantum circuits we need more precision than this. We need to be able to apply specific
gates to only one qubit in the code. We need our fault-tolerant operations to be addressable.

This distinction does not matter for surface codes, which (depending on the precise description) encode
only one logical qubit. A large-scale surface code computation is best seen as a product of codes, each
working independently. Any transversal gate can be targeted to a single logical qubit (or pair of qubits for
a CNOT) by simply applying the gates only to those physical qubits corresponding to the desired logical
qubit.
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However, this strategy fails for more complicated codes that encode many qubits, where the notion of
a correspondence between physical qubits and logical qubits is ill-defined (e.g., the overlaps in Figure 1).
For good performance, the logical qubits are not spatially localized in this way. If we apply a gate to one
physical qubit, it will impact many logical qubits.

Addressability is crucial for efficient quantum computation, as it removes the need for complex global
circuits to extract it from transversality. While transversality was useful for single logical qubit codes like the
surface code, its natural extension for larger codes is addressability. Unlike transversality, which treats all
logical qubits collectively, addressability provides a more detailed view of a code’s structure by considering
each logical qubit individually. Studying addressability helps identify fundamental trade-offs in designing
fault-tolerant operations for high-rate quantum codes, ensuring that logical operations remain precise and
scalable in larger quantum systems.

Fig. 1. Visualization of a code

This addressability problem has become relevant recently, with the development of asymptotically good
quantum codes [8,5]. As the size of the code increases, the number of logical qubits in these codes approaches
exactly the number of physical qubits, while maintaining good code distance, which means logical qubits
cannot be spatially localized. Thus, it is a challenging problem to find physical circuits which can address
specific logical qubits for some desired logical gate, and that is what we address in this paper.

While considerable work has been done to find valid transversal implementations and study their actions
on the code, very little has been done on the addressability problem until recently. Addressability is men-
tioned when a transversal gate allows it, such as in [12,3], but is rarely a goal itself. Previous works finding
addressable gates like [10,9] do not solve fault-tolerance. Both [6] and [4] produce codes with addressable
CCZ gates. While [6] is able to address disjoint triples of logical qubits, [4] is able to address any triple of
logical qubits. In [4] they seek many of the same goals as we do, but with constructive results: their gates
are fault tolerant, their codes can achieve constant rates, and they can address CCZ gates to arbitrary triples
of logical qubits. Though, we will consider an even more stringent requirement: can one address arbitrary
disjoint subsets of logical qubits simultaneously?

Methods

We consider the problem of efficient physical circuits to enact logical gates addressably. There are two trivial
ways to make addressable gates: the first is to decode, apply the gate, then re-encode, and the second is to
use a product of smaller codes which admit transversal gates.

The first trivial method is problematic because it is not fault tolerant. The quantum state is unprotected
after decoding. Thus, we consider gate sets that will not alter the distance of code. We take three approaches
for this: first, 1-local circuits (i.e., circuits built from single-qubit gates); second, circuits made of SWAPs
or other permutations; third, circuits made from a depth-1 CNOT or CZ circuit.

2



J. Guyot S. Jaques

The second trivial method, products of codes, forbids us from having high-rate codes. One can readily
see that if multiple codes are run in parallel, and we treat them as one larger code, the larger code’s distance
is at most the minimum distance from one of the subcodes. Thus, asymptotically good codes cannot “split”
into subcodes like this1.

We also notice that if we take any CSS code and apply any circuit of single-qubit gates, we will obtain
another code with the same distance and rate. However, this new code may not be easy to work with and
it may not have any of its own efficient fault-tolerant operations. Thus, we further require that our circuits
preserve the original code space.

Ultimately, we are considering operators that preserve the code space, for CSS codes that do not split.

Results

We show a series of impossibility results for addressable gates under the given restrictions.
We start with 1-local Clifford circuits: circuits made only from single-qubit Clifford gates. Since these

have well-known commutation relations with Paulis, our main technique is to apply those relations to stabi-
lizers and logical operators and ask when the output is consistent with the codespace and the desired logical
action. We conclude that for any non-splitting code:

– Applying 1-local Clifford circuits which preserve the code cannot apply 𝐻 , 𝑃𝐻 , or 𝐻𝑃 to a strict
subset of physical qubits (Proposition 8).

– No 1-local Clifford circuit can enact an addressable logical𝐻 , 𝑃𝐻 ,𝐻𝑃 , or 𝖢𝖭𝖮𝖳 gate (Proposition 9).
– If the code does not admit addressable 𝑃 or 𝑃𝐻𝑃 gates, it admits no addressable single-qubit gates

from any level of the Clifford hierarchy (Corollary 2).

As introduced in [3], automorphisms of the code can be used to implement logical operations using
permutations. Our second set of results uses this principle, just as in [3] or [7] which uses permutations
to construct addressable Clifford gates. We show that the number of permutations which can preserve the
codespace and produce distinct logical actions is, asymptotically, quite limited: for codes with rates above
1
3 and distance at least 3, it is less than 𝑘! when the code has 𝑘 logical qubits.

With this idea, we can make several conclusions about CSS codes with distance at least 3:

– A circuit made from only SWAP gates (or any permutations of physical qubits) cannot implement any
logical permutation on a code with rate asymptotically greater than 1

3 , cannot implement addressable
CNOTs on codes with any constant rate, and for any 2-qubit gate 𝐺, such circuits cannot implement 𝐺
addressably on codes with rates greater than 3

4 .
– A circuit between two codes, made by applying CNOT (resp. CZ) to all physical qubits, cannot imple-

ment parallel addressable CNOT (resp. CZ) on codes with rate asymptotically greater than 1
3 (Proposi-

tions 12 and 13). Here “parallel” means we can address CNOTs on disjoint sets of qubits simultaneously.

While the second result seems more restrictive, since the circuit must act on all physical qubits, the circuits
for transversal CCZ gates from [4] satisfy this property, as would a CZ built from their methods. However,
they do not aim for parallel addressability.

Conclusions

Ideally, we would answer the question of addressability, by either giving a method to perform addressable
gates on high-performance codes, or definitively proving that this is impossible. Instead, we have only some
impossibility results. However, our results suggest what routes will be necessary if addressable gates are pos-
sible, highlight new proof techniques for considering these problems, and emphasize some of the restrictions
we might need in considering the addressability problem.

For example, [9] and [10] seem to contradict our results by providing an addressable 𝐻 gate. However,
as these papers point out themselves, their techniques do not necessarily preserve distance. [9] involves
enacting a linear transformation on the stabilizer vectors by applying a physical CNOT from each physical

1 Or at least, they must contain an asymptotically good code which does not split.
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qubit in the code to an unprotected auxiliary qubit. This means any phase error on this qubit will propagate
up into the code. Hence, distance-preserving techniques remain an important consideration.

One easy fix might be to encode the auxiliary qubit in a different code (say, a surface code). However, it
is not clear that there is such a targeted CNOT between such different codes. This is an open question that
we hope can be resolved with techniques similar to those we employ in this work.

In concurrent work, [4] use a depth-1 physical CCZ circuit for both “intra-code” and “inter-code” ad-
dressable logical CCZ gates. They prove a constructive result for a constant code rate, whereas our CZ
impossibility results apply to codes with higher rates than they construct. Despite the similarities between
our impossibility results and their constructions, our results do not apply to their codes. The main difference
is that our results forbid what we call “parallel addressability” (Definition 4), where if two logical gates act
on disjoint sets of logical qubits, we can apply both simultaneously. Their construction has some ability to
do this, but not completely.

In another concurrent work, [7] constructs codes with fault-tolerant circuits for addressable Clifford
gates constructed from permutation automorphisms. Our results (Corollary 5) show that this method can
only work for codes with asymptotically low rates (in 𝑜(1)), and our upper bound is not far from the rate of
their codes.

One method to escape our restrictions would be to allow the physical circuit to modify the code. For
example, maybe there is a family of codes that can all be reached from each other by depth-1 CNOT circuits.
This would be a special structure to have, so we assumed it did not exist, but finding such a structure would
open up many possibilities for addressable gates.

Overall, we hope our results motivate more consideration of addressability and that our techniques can be
taken further, either for constructive results or impossibility theorems. This work also shows that we should
not take it for granted that, because one quantum error-correcting code is able to encode logical qubits more
efficiently than another one, it will be overall more efficient for computation.

1 Background

1.1 Notation

Let 𝑛 be the set of 𝑛-qubit Pauli operators.
We define the Clifford hierarchy inductively as follows: 1

𝑛 = 𝑛, and for 𝑘 > 1,

𝑘𝑛 = {𝑈 ∈ 2𝑛 |𝑈𝑛𝑈† ⊆ 𝑛𝑘−1}. (1)

We call 𝑘𝑛 the 𝑘th level of the Clifford hierarchy, and we simply call 2
𝑛 the Clifford gates.

We let J𝑛K denote the set {1, 2,… , 𝑛}.
For a vector 𝑎 ∈ 𝔽 𝑛2 and a single-qubit gate 𝐺, we let 𝐺𝑎 denote the operator ⊗𝑖∶𝑎𝑖=1𝐺𝑖, where 𝐺𝑖 is 𝐺

applied to qubit 𝑖.
For a vector 𝑎 ∈ 𝔽 𝑛2 , and a set ℎ ⊆ J𝑛K, we will sometimes use 𝑎 ∩ ℎ to denote a vector in 𝔽 𝑛2 such that

(𝑎 ∩ ℎ)𝑖 = 1 if and only if 𝑎𝑖 = 1 and 𝑖 ∈ ℎ.
A quantum code on 𝑛 physical qubits, encoding 𝑘 logical qubits, with distance 𝑑, is denoted as a J𝑛, 𝑘, 𝑑K

code.

1.2 CSS Codes

We will work entirely with CSS codes [2]. A CSS code is constructed from two classical codes 𝑋 ,𝑍 ⊆ 𝔽 𝑛2
such that 𝑍 ⊆ ⟂

𝑋 . Let 𝐻𝑋 and 𝐻𝑍 be the parity check matrices of ⟂
𝑋 and ⟂

𝑍 .
We will let 𝑆𝑋 = {𝑋𝑎

|𝑎 ∈ 𝑋} and 𝑆𝑍 = {𝑍𝑏
|𝑏 ∈ 𝑍}. We define the code 𝖢𝖲𝖲(𝑋 ,𝑍 ) to be the

set of quantum states in the +1 eigenspace of all operators in 𝑆𝑋 and 𝑆𝑍 .
The orthogonality condition implies that all operators in 𝑆𝑋 commute with all operators in 𝑆𝑍 .
Using generalized Paulis for the stabilizers, CSS codes can also be defined on qudits from codes on 𝔽 𝑛𝑞

[11].
We define a logical operator to be any operator which preserves the codespace. If an operator acts as the

identity on the codespace, we call it a logical identity.
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Proposition 1. 𝐿 is a logical operator for a code  if and only if 𝐿𝐼()𝐿† ⊆ 𝐼() where 𝐼() is the set of
logical identities for the code .

Proof. Let |𝜓⟩ be a codeword and 𝐿 a logical operator. Then 𝐿 |𝜓⟩ = |𝜙⟩ for |𝜙⟩ ∈ . Let 𝑠 ∈ 𝐼(𝐶). Then
𝑠𝐿†

|𝜙⟩ = 𝐿†
|𝜙⟩, so 𝐿𝑠𝐿†

|𝜙⟩ = |𝜙⟩. Thus, 𝐿𝑠𝐿† is a logical identity.
Conversely, if 𝐿𝐼(𝐶)𝐿† ⊆ 𝐼(𝐶) for an operator 𝐿, then for any 𝑠 ∈ 𝐼(𝐶), there is 𝑠′ ∈ 𝐼(𝐶) such that

𝑠𝐿 = 𝐿𝑠′, so 𝑠𝐿 |𝜓⟩ = 𝐿𝑠′ |𝜓⟩ = 𝐿 |𝜓⟩ for any |𝜓⟩ ∈ . Since the stabilizers for the code are included in
𝐼(𝐶), this implies 𝐿 |𝜓⟩ ∈ , so 𝐿 is a logical operator.

⊓⊔

The normalizer of a group 𝐺 contained in a group 𝐸 is the set of all ℎ such that ℎ𝐺ℎ−1 ⊆ 𝐺, and is
denoted 𝑁𝐸(𝐺) or just 𝑁(𝐺) if 𝐸 is clear from context.

For a stabilizer code, 𝑁𝑛 (𝑆) contains all logical Pauli operators on the code. More precisely for CSS
codes,𝑁𝑛 (𝑆𝑋) are all logical Pauli-𝑍 operators and𝑁𝑛 (𝑆𝑍 ) are all logical Pauli-𝑋 operators. Quotienting
by the stabilizer gives distinct logical Pauli operators as cosets of this space.

Since 𝑁(𝑆𝑋) are Pauli-𝑍 strings, we can let each coset of 𝑁(𝑆𝑋)∕𝑆𝑍 to be a logical 𝑍 operator, and
similarly for 𝑁(𝑆𝑍 )∕𝑆𝑋 . This allows us to easily reason about the logical qubits and logical gates; for
example, it tells us that the number of logical qubits is 𝑛 − 𝑠𝑧 − 𝑠𝑥 where 𝑠𝑧 = dim(𝑍 ) = rank(𝐻𝑧) is the
number of generators of 𝑆𝑍 , and similarly for 𝑠𝑥.

1.3 Code Rates

The rate of a code is the number of logical qubits 𝑘 divided by the number of physical qubits 𝑛.

Proposition 2. Let  = 𝖢𝖲𝖲(1,2), and let 𝜌′, 𝜌′′ be the maximum and minimum of the rates of the classi-
cal codes of 1 and 2. Letting 𝜌 be the rate of , we have that 𝜌 = 𝜌′ + 𝜌′′ − 1 and 2𝜌′′ − 1 ≤ 𝜌 ≤ 2𝜌′ − 1.

Proof. The rate is 𝜌 = 𝑘
𝑛 = 𝑛−𝑟

𝑛 where 𝑟 = dim(⟂
1 ) + dim(⟂

2 ). Thus, 𝜌1 =
𝑛−dim(⟂

1 )
𝑛 and 𝜌2 =

𝑛−dim(⟂
2 )

𝑛 ,
and hence 𝜌 = 𝜌1 + 𝜌2 − 1. This directly gives 2𝜌′′ − 1 ≤ 𝜌 ≤ 2𝜌′ − 1.

⊓⊔

1.4 Transversality

Informally, a “transversal” gate is any gate which efficiently implements a logical qubit using physical gates,
and typically refers to the case where we apply some physical gate 𝑈 to all physical qubits and obtain the
action of 𝑈 on the logical qubits. However, transversality has a more general definition:

Definition 1 (Transversality). Let  = (𝑄𝑖)𝑖∈𝐼 be a partition of the qubits in a code. We say that a gate 𝑈
is transversal with respect to  if it can be decomposed as 𝑈 = ⊗𝑖∈𝐼𝑈𝑖 where 𝑈𝑖 acts only on 𝑄𝑖.

If  is not mentioned explicitly, it is taken to be 𝑄𝑖 = {𝑖} for 𝑖 = 1 to 𝑛, or for multiply qubit gates with
𝑝 blocks of a code, it is taken to be 𝑄𝑖 = {𝑖1, 𝑖2,… , 𝑖𝑝} for 𝑖 = 1 to 𝑛.

2 Addressability

We have previously defined a logical operator as an operator which preserves the codespace. We can now
ask what action it has. First we recall that any operator 𝑈 can be written as a linear combination of Paulis,
i.e.,

𝑈 =
∑

𝑈𝑖∈𝑘

𝛼𝑖𝑈𝑖 (2)

for coefficients 𝛼. Thus, we say that a physical circuit 𝐺 has the logical action of 𝑈 on a code  if 𝐺 is a
logical operator on , and for any |𝜓⟩ in the code

𝐺 |𝜓⟩ =
∑

𝑈𝑖∈𝑘

𝛼𝑖𝑈𝑖 |𝜓⟩ (3)

5



J. Guyot S. Jaques

where 𝑈 𝑖 is a logical operator for the Pauli 𝑈𝑖.
Figure 2 visualizes such a circuit.

Fig. 2. As in Figure 1 we visualize a code with 3 logical qubits by the solid colored regions (with the coloring denoting
the logical state of that qubit), and a physical circuit by the red hatched region. The physical circuit targeted the orange
qubit: despite acting on some of the physical qubits in the blue logical qubit, the blue qubit does not change its logical
state, while the state of the orange logical qubit changes from orange to red.

Definition 2 (Addressability).
Let 𝑈 be a unitary on 𝑝 qubits, and 𝑃 be a family of quantum circuits. We say that 𝑈 is 𝑃 -addressable

if, for any ordered tuple of 𝑝 logical qubits 𝑡, there is a circuit in 𝑃 implementing �̄�𝑡 : the logical action �̄�
the tuple 𝑡.

Figure 3 shows what it would mean to be addressable.

Fig. 3. As in Figure 2 we visualize a code with 3 logical qubits by the solid colored regions (with the coloring denoting
the logical state of that qubit), and a physical circuit by the red hatched region. The physical circuits target only one
logical qubit each time and act as some unitary that sends ’orange’ to ’red’, ’blue’ to ’purple’ and ’green’ to ’pink’. In
this case, this unitary is addressable on the code.

6



J. Guyot S. Jaques

The restriction to a circuit family 𝑃 ensures we do not capture the trivial circuits of decode-apply-encode.
Some more useful families of circuits might be:

1. Circuits made from Clifford gates (Section 4)
2. Circuits with depth less than 𝑛
3. Circuits with fewer than 𝑛 gates
4. Circuits made from SWAPs (Section 5)
5. Circuits acting on all physical qubits (Section 5.3)

Some of these properties are not closed under composition (2,3), while others (1,4,5) are closed. To see
why this matters, suppose we had an addressable 𝑇 gate from depth-2 circuits, and we wanted to apply 𝑇
gates to logical qubits 1 and 2. At the logical level, these gates should commute with each other and we
should be able to apply them in parallel, but there is no guarantee that the physical circuit will still have
depth 2. Thus, we give a stronger definition:

Definition 3 (Parallel Addressability). Let 𝑈 be a 𝑝-qubit unitary and 𝑃 a family of circuits. We say that
𝑈 is 𝑃 -parallel addressable on  if, for any set 𝐼 of disjoint ordered tuples of 𝑝 logical qubits, there is a
circuit in 𝑃 which has the logical action �̄� applied to all tuples in 𝐼 .

It is easy to see that these definitions are equivalent if 𝑃 is closed under composition:

Lemma 1. Let 𝑈 be a 𝑝-qubit unitary and 𝑃 a family of circuits which is closed under composition. Then
𝑈 is 𝑃 -addressable if and only if 𝑈 is 𝑃 -parallel addressable.

Proof. One direction is easy. Conversely, if𝑈 is 𝑃 -addressable, then for any disjoint set of 𝑝-tuples of logical
qubits {𝐼𝑘}, we can find circuits in 𝑃 for each tuple. Composing these together will have the required logical
action, and the composed circuit will also be in 𝑃 . ⊓⊔

We finally give a restricted definition of addressability to capture cases where we may be able to target
some subsets of the logical qubits, but not all of them.

Definition 4 (Partial Addressability). Let 𝑈 be a 𝑝-qubit unitary and 𝑃 a set of circuits. We say that 𝑈 is
𝑃 -partially addressable on  if there exists a set 𝐼 of disjoint ordered tuples of 𝑝 logical qubits (𝐼 ≠ ∅, J𝑘K)
and a logical operator in 𝑃 that has the logical action �̄� applied to all tuples in 𝐼 .

Example 1. Fig. 2 shows that 𝑈 is partially addressable on this code since there is a targeting circuit imple-
menting 𝑈 on 𝐼 ={ (Orange logical qubit) }.

Finally, we make a brief note about basis. The definition of a logical action requires a particular choice
of “basis”, i.e., which logical operators in 𝑁(𝑆) represent which logical Pauli operator. A different choice
would change the logical action of an otherwise addressable gate; thus, our definitions are basis-dependent.

However, we do not see this as a limitation: firstly, some of our results forbid any logical action from
certain circuit families, which is inherently a basis-independent result. Second, if we are allowed to modify
the basis of a code, any gate becomes possible. For example, instead of performing a logical𝐻 gate, we could
re-define the basis of the code to swap those 𝑋 and 𝑍 stabilizers. This would require modifying all future
gates, equivalent to commuting the 𝐻 through all subsequent gates in the circuit. While such compilation
can be extremely useful (such as 𝑋 and 𝑍 gates in the surface code), we cannot efficiently compute this
for all gates in a quantum circuit, or else quantum circuits would be efficiently classical simulatable! Hence
why we restrict to a single basis.

3 Splitting Codes

We now consider the second main restriction. If a code  is simply two codes 1 and 2 run in parallel, then
one of these two codes will have parameters at least as good as . Hence, we want to discard such codes,
as our motivation is performing computations on asymptotically good codes. If we are willing to sacrifice
code performance for ease of addressable gates, the surface code is a great choice.

One of our main proof techniques is proving that the only way to have partial addressability for certain
gates is if the code has this product structure. We say such a code “splits” (as shown in Figure 4).
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Definition 5 (Splitting). Let = 𝖢𝖲𝖲(𝐴,𝐵). We say that𝐴 splits on some non-empty supportℎ ⊊ {1,… , 𝑛}
if 𝐴 can be written as 𝐴1 ⊕𝐴2, where ℎ is the support of 𝐴1.

If 𝐴 and 𝐵 both split on the support ℎ, we say that the stabilizer group 𝑆 and the code  split on ℎ.

We see that this definition is equivalent to saying that  = 1⊗2, where 1 and 2 are both CSS codes.

Example 2. Let us consider the following CSS codes where we are given the parity check matrices for the
𝑋 and 𝑍 stabilizers as 𝐴 and 𝐵. We first show the splits in 𝐴 and 𝐵 using red boxes, and then show that
they have common split (which splits the overarching CSS code) in green.

𝐴 = 𝐵 =

1 1 0 0 0 0 0

0 0 1 1 0 0 0

0 0 0 1 1 0 0

0 0 0 0 0 1 1

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

1 1 0 0 0 0 0

0 0 1 1 0 0 0

0 0 0 0 1 1 0

0 0 0 0 0 1 1

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

𝐴 = 𝐵 =

1 1 0 0 0 0 0

0 0 1 1 0 0 0

0 0 0 1 1 0 0

0 0 0 0 0 1 1

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

1 1 0 0 0 0 0

0 0 1 1 0 0 0

0 0 0 0 1 1 0

0 0 0 0 0 1 1

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

Fig. 4. Visualization of a splitting code Fig. 5. Visualization of a non-splitting code

We provide the following proposition, whose proof is straightforward:

Proposition 3. Let  be a J𝑛, 𝑘, 𝑑K CSS code splitting into an J𝑛1, 𝑘1, 𝑑1K-code 1 and an J𝑛2, 𝑘2, 𝑑2K-code
2. Then:

– 𝑘
𝑛 = 𝑘1+𝑘2

𝑛1+𝑛2
≤ max𝑖∈{1,2}

𝑘𝑖
𝑛𝑖

.
– 𝑑 = min𝑖∈{1,2} 𝑑𝑖
– If 𝑈 is addressable on 1 and 2 then 𝑈 is addressable on . If 𝑈 is partially addressable on 1 or 2

then 𝑈 is partially addressable on .

These results tell us that if a code splits, the subcodes cannot have worse rates. Thus, for an asymptotically
good code, it must have some non-splitting, “irreducible” core. We also know this core must encode more
than 1 logical qubit, as the rates of single-logical qubit codes cannot be arbitrarily high.

8
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4 Clifford Addressability

In this section we study 1-local Clifford circuits: circuits made only from single-qubit Clifford gates. We will
show that for circuits with 𝐻 gates, even being a logical operator at all (let alone what action it might have)
implies the code splits. Hence, for good (non-splitting) CSS codes they cannot have such logical operators.

4.1 Tools

Proposition 4. Let 𝑈 be a Clifford circuit and let 𝑆 be the stabilizer group of . If 𝑈 is a logical operator,
then 𝑈𝑆𝑈† ⊆ 𝑆.

Proof. Using Proposition 1 we get that 𝑈 must send logical identities to logical identities. Since 𝑈 is Clif-
ford, it sends Paulis to Paulis. Since 𝑆 corresponds to all Pauli logical identities, we get 𝑈𝑆𝑈† ⊆ 𝑆.

⊓⊔

More precisely, for a CSS code 𝖢𝖲𝖲(𝐴,𝐵), we can take any 𝑎 ∈ 𝐴 and any 𝑏 ∈ 𝐵 (including 0 for either)
and we have that

𝑈𝑋𝑎𝑈† = 𝑖𝑚𝑋𝑎′𝑍𝑏′ (4)

where 𝑎′ ∈ 𝐴, 𝑏′ ∈ 𝐵, and 𝑚 is even.

Proposition 5. Let 𝑈 be a 1-local Clifford circuit. Then there is a depth 1 circuit 𝑉 , with gates from the set
𝑃 ,𝐻 ∶= {𝐼, 𝑃 ,𝐻𝑃 , 𝑃𝐻𝑃 , 𝑃𝐻,𝐻}, such that 𝑈 is a logical operator with logical action �̄� if and only if
𝑉 is (up to phase) a logical operator with action �̄� (up to phase).

Proof. By definition, on each qubit 𝑈 is a product of gates in 𝑃 ,𝐻 with Paulis. Since the gates in 𝑃 ,𝐻
preserve Paulis by conjugation, we can commute all the Paulis to the right. Thus, 𝑈 = 𝑉 𝑃 where 𝑃 is a
Pauli circuit and 𝑉 only contains gates from 𝑃 ,𝐻 .

Then since Paulis either commute or anti-commute, for any 𝑋𝑎𝑍𝑏, we have that

𝑈𝑋𝑎𝑍𝑏𝑈† =𝑉 𝑃𝑋𝑎𝑍𝑏𝑃 †𝑉 † (5)
=(−1)𝑚𝑉 𝑋𝑎𝑍𝑏𝑉 † (6)

for some 𝑚. This immediately gives the result: if 𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵, then for 𝑈 to be a logical operator, the
left-hand-size must be 𝑋𝑎′𝑍𝑏′ for some 𝑎′ ∈ 𝐴 and 𝑏′ ∈ 𝐵, which tells us that 𝑉 is also a logical operator
(ignoring the phase).

If 𝑎 ∈ 𝑁(𝐵) and 𝑏 ∈ 𝑁(𝐵), then the logical action of 𝑈 is determined by its action on these states, but
𝑉 will have the same action (up to phase).

⊓⊔

Thanks to Proposition 5, we will assume every 1-local Clifford circuit has been compiled down to
contain only {𝐼, 𝑃 ,𝐻𝑃 , 𝑃𝐻, 𝑃𝐻𝑃 ,𝐻}, followed by Paulis. Up to phase, those gates act on single-qubit
Paulis as:

𝐼 ∶𝑋 → 𝑋, 𝑍 → 𝑍 (7)
𝑃 ∶𝑋 → 𝑋𝑍, 𝑍 → 𝑍 (8)

𝐻𝑃 ∶𝑋 → 𝑋𝑍, 𝑍 → 𝑋 (9)
𝑃𝐻 ∶𝑋 → 𝑍, 𝑍 → 𝑋𝑍 (10)

𝑃𝐻𝑃 ∶𝑋 → 𝑋, 𝑍 → 𝑋𝑍 (11)
𝐻 ∶𝑋 → 𝑍, 𝑍 → 𝑋 (12)

Definition 6. Let 𝑈 be a 1-local Clifford circuit. For a set 𝐾 of specific single-qubit Cliffords, we define
𝑈𝐾 = {𝑖 ∶ 𝑈𝑖 ∈ 𝐾}.

9
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Example 3. Let𝑈 = 𝑃 ⊗𝑋𝑍𝐻⊗𝑃𝐻⊗𝐻 . Then this is equivalent by Proposition 5 to 𝑃 ⊗𝐻⊗𝑃𝐻⊗𝐻 ,
and 𝑈𝐻 = {2, 4} and 𝑈𝑃 ,𝐻 = {1, 2, 4}.

This means that for any 1-local Clifford circuit 𝑈 , the equivalent 𝑉 can be written as 𝑉 =
⨂

𝑅∈𝑃 ,𝐻 𝑅
𝑉𝑅 .

All of this leads to our main technical tool:

Proposition 6. Let  = 𝖢𝖲𝖲(𝐴,𝐵) and 𝑈 a Clifford circuit. If 𝑈 is a logical operator on , then it is
equivalent to some 𝑉 such that for all 𝑎 ∈ 𝐴 and all 𝑏 ∈ 𝐵:

𝑎 ∩ 𝑉𝑃 ,𝐻𝑃 ,𝑃𝐻,𝐻 ∈ 𝐵 (13)
𝑎 ∩ 𝑉𝑃𝐻,𝐻 ∈ 𝐴 (14)

𝑏 ∩ 𝑉𝐻𝑃 ,𝑃𝐻𝑃 ,𝑃𝐻,𝐻 ∈ 𝐴 (15)
𝑏 ∩ 𝑉𝐻𝑃 ,𝐻 ∈ 𝐵 (16)

Proof. Using ∼ as equality up to phase and ≡ as equivalence up to stabilizer, we know that 𝑈𝑋𝑎𝑈† must
be a stabilizer for any 𝑎 ∈ 𝐴. Thus:

𝑈𝑋𝑎𝑈† ∼ 𝑉 𝑋𝑎𝑉 † ∼ 𝑋𝑎∩𝑉𝐼,𝑃𝐻𝑃 ,𝑃 ,𝐻𝑃𝑍𝑎∩𝑉𝑃𝐻,𝐻,𝑃 ,𝐻𝑃 ≡ 𝑋𝑎∩𝑉𝑃𝐻,𝐻𝑍𝑎∩𝑉𝑃 ,𝐻𝑃 ,𝑃𝐻,𝐻 (17)

where the last equivalence holds since 𝑥 is a stabilizer and (since all gates in 𝑉 are in 𝑃 ,𝐻 ) we have that
𝑎 ∩ 𝑈𝑃𝐻,𝐻 + 𝑎 ∩ 𝑈𝐼,𝑃 ,𝐻𝑃 ,𝑃𝐻𝑃 = 𝑎.

In a CSS code, if product 𝑋𝑎′𝑍𝑏′ is a stabilizer, then both 𝑋𝑎′ and 𝑍𝑏′ are stabilizers, so 𝑎′ ∈ 𝐴 and
𝑏′ ∈ 𝐵. Applying this to the above gives the first two lines of the result; repeating the logic with a 𝑍
stabilizer 𝑍𝑏 completes the proof.

⊓⊔

4.2 Impossibility Results for Hadamard-Type Circuits

Our first result follows almost immediately from Proposition 6.

Proposition 7. Let  = 𝖢𝖲𝖲(𝐴,𝐵) and𝑈 a 1-local Clifford circuit. If𝑈 is a logical operator, then the code
splits in 𝑈𝐻𝑃 , 𝑈𝑃𝐻 , and 𝑈𝐻 .

Proof. If 𝑎 ∈ 𝐴, then Equation (14) tells us 𝑎∩𝑈𝑃𝐻,𝐻 ∈ 𝐴. Applying Equation (13) to 𝑎∩𝑈𝑃𝐻,𝐻 tells us
𝑎 ∩ 𝑈𝑃𝐻,𝐻 ∈ 𝐵 as well, since 𝑈𝑃𝐻,𝐻 ⊆ 𝑈𝑃 ,𝐻𝑃 ,𝑃𝐻,𝐻 . Then Equation (16) applied to 𝑎 ∩ 𝑈𝑃𝐻,𝐻 tells us
(𝑎 ∩𝑈𝑃𝐻,𝐻 ) ∩𝑈𝐻𝑃 ,𝐻 = 𝑎 ∩𝑈𝐻 ∈ 𝐵. Then applying Equation (15) to 𝑎 ∩𝑈𝐻 , we see that 𝑎 ∩𝑈𝐻 ∈ 𝐴 as
well. Thus, 𝐴 splits on 𝑈𝐻 .

Doing the same procedure for an arbitrary 𝑏 ∈ 𝐵 shows that 𝑏 ∩ 𝑈𝐻 ∈ 𝐵, so 𝐵 splits on 𝑈𝐻 as well,
and hence the full CSS code splits.

Similarly pushing these intersections through the statement of Proposition 6 gives the other two results.
⊓⊔

Our results so far restrict the set of circuits that are logical operators, regardless of their action. We now
show that no addressable logical action is possible:

Proposition 8. Let  be a non-splitting CSS code, and 𝑈 a 1-local Clifford partially addressable unitary.
Then the physical implementation of 𝑈 contains no 𝐻 , 𝑃𝐻 , or 𝐻𝑃 gates.

Proof. Proposition 7 tells us that we either apply 𝐻 to all or none of the qubits (similarly with 𝑃𝐻 and
𝐻𝑃 ). If our circuit 𝐶 for 𝑈 applies 𝐻 to every gate, then for any logical operator 𝑋𝑥𝑖 , 𝐶𝑋𝑥𝑖𝐶† = 𝑍𝑥𝑖 . In
particular, if𝑈 is partially addressable, there must be some logical operator𝑋𝑥𝑖 which should be unchanged
by the action of 𝑈 . But 𝑍𝑥𝑖 cannot be equivalent by stabilizers to 𝑋𝑥𝑖 , as 𝑥𝑖 is not in the span of 𝐴 (where
the code is 𝖢𝖲𝖲(𝐴,𝐵).

The same reasoning holds if the circuit contains only 𝑃𝐻 or 𝐻𝑃 gates, by taking their action on either
a logical 𝑋 or logical 𝑍 operator.

⊓⊔
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Thanks to Proposition 8, we know that 1-local Clifford addressable gate must only use 𝑃 or 𝑃𝐻𝑃 gates.
We now show that this set is too restrictive to enact any 𝐻 , 𝑃𝐻 , 𝐻𝑃 , or 𝖢𝖭𝖮𝖳 gates.

Proposition 9. The 𝐻 , 𝑃𝐻 , 𝐻𝑃 and 𝖢𝖭𝖮𝖳 gates are not 1-local Clifford partially addressable for any
non-splitting CSS code.

Proof. Using Proposition 8, no matter how we construct our circuit 𝑈 , if it enacts some addressable logical
action it must be equivalent to 𝑈 made from only 𝐼 , 𝑃 , and 𝑃𝐻𝑃 gates. For any logical 𝑋 operator 𝑋𝑥, or
logical 𝑍 operator 𝑍𝑧, we can see that the action of 𝑈 on these will be

𝑈𝑋𝑥𝑈† =𝑋𝑥𝑍𝑥∩𝑈𝑃 (18)
and 𝑈𝑍𝑧𝑈† =𝑋𝑧∩𝑈𝑃𝐻𝑃𝑍𝑧 (19)

by the commutation rules in Equation (8) and 11.
Throughout, we will use 𝑋𝑥𝑖 to denote a logical 𝑋 operator on the 𝑖th logical qubit, and the same for

𝑍𝑧𝑖 .
If we want 𝑈 to enact an addressable 𝐻 or 𝑃𝐻 gate, there must be some qubit 𝑖 such that 𝑈 sends 𝑋𝑥𝑖

to an operator equivalent to 𝑍𝑧𝑖 . Thus, 𝑋𝑥𝑍𝑥∩𝑈𝑃 must be equivalent up to stabilizers to 𝑍𝑧𝑖 . This would
imply 𝑋𝑥 is a stabilizer, contradicting that it was a logical 𝑋 operator. The same logic applied 𝑍𝑧𝑖 works to
show that 𝐻𝑃 cannot address a qubit 𝑖.

For 𝑈 to enact an addressable 𝖢𝖭𝖮𝖳 gate, it must act on some target 𝑖 and control 𝑗, so that 𝑈𝑋𝑥𝑖𝑈† ≡
𝑋𝑥𝑖+𝑥𝑗 . This would imply 𝑋𝑥𝑖𝑍𝑥𝑖∩𝑈𝑝 ≡ 𝑋𝑥𝑖+𝑥𝑗 , but this would mean 𝑋𝑥𝑗 is a stabilizer, not a logical
operator (a contradiction).

⊓⊔

As a final note, we show how our non-splitting requirement implies a distance bound:

Corollary 1. If an J𝑛, 𝑘, 𝑑K CSS code  admits a 1-local Clifford addressable𝐻 , 𝑃𝐻 ,𝐻𝑃 , or 𝖢𝖭𝖮𝖳 gate,
then its rate is at most 1

2𝑑+1 .

Proof. By Proposition 9, such a code must split, and the subcodes must further split until they encode only
1 logical qubit. Let the parameters of each code be J𝑛𝑖, 1, 𝑑𝑖K. The quantum singleton bound tells us that
𝑛𝑖 − 1 ≥ 2(𝑑𝑖 − 1). We know

∑𝑘
𝑖=1 𝑛𝑖 = 𝑛, meaning 𝑛 − 𝑘 ≥ 2(

∑𝑘
𝑖=1 𝑑𝑖 − 1) ≥ 2(𝑘min𝑖{𝑑𝑖} − 1). However,

min𝑖{𝑑𝑖} = 𝑑 by Proposition 3, so 𝑛 − 𝑘 ≥ 2𝑘𝑑 − 2. Rearranging gives 𝑘
𝑛 ≤ 1

2𝑑+1 −
2
𝑘 .

⊓⊔

4.3 The Clifford Hierarchy

Recall the Clifford hierarchy from Equation (1). We say that a physical circuit is global if it has a non-identity
action on all physical qubits, and non-global otherwise.

Theorem 1. Let  be a non-splitting CSS code of distance greater than 2. Suppose there is some 𝑚 such
that no 1-local circuit in 𝑘𝑛 ⧵ 

𝑘−1
𝑛 is a logical identity. Then for all 𝑚 ≥ 𝑘, no 1-local circuit in 𝑚 ⧵ 𝑘−1

is a logical identity.

Proof. We show this inductively. The base case is given by the assumptions of the theorem, so we suppose
that there are no 1-local stabilizers with gates from the 𝑘 − 1 level of the Clifford hierarchy, for some 𝑘.

Suppose 𝐶 is a non-global circuit composed of 1-local gates in the 𝑘th level of the Clifford hierarchy,
such that at least one physical qubit 𝑖 has a gate which is in the 𝑘th level but not the 𝑘 − 1 level, and such
that 𝐶 preserves the codespace. That is,

𝐶 = 𝐶1 ⊗𝐶2 ⊗⋯⊗𝐶𝑛
where each 𝐶𝑛 is a single-qubit gate in 𝑘1 , and 𝐶𝑖 ∉ 𝑘−11 .
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Because 𝐶𝑖 ∉ 𝑘−11 , there is a Pauli matrix 𝑉 (either 𝑋, 𝑍, or 𝑋𝑍) such that 𝐶𝑖𝑉 = 𝐴𝑖𝐶𝑖 for 𝐴𝑖 ∈
𝑘−11 ⧵ 𝑘−21 . Because the code has distance greater than 1 and does not split, for every physical qubit there
is both an 𝑋 and 𝑍 stabilizer with support on that qubit, and thus there is some Pauli stabilizer 𝑆 whose
support on 𝑖 is the Pauli matrix 𝑉 defined above.

Since𝐶 is in the 𝑘th level, there is a operator𝐴 such that𝐶𝑋𝑎 = 𝐴𝐶 , where𝐴. By choice of𝐶 , we know
that the action of𝐴 on the 𝑖th qubit,𝐴𝑖, is not in the 𝑘−2 level of the Clifford hierarchy, so𝐴 ∈ 𝑘−1𝑛 ⧵𝑘−2𝑛
as well.

Then we have that for any state |𝜓⟩ in the code, 𝐶𝑋𝑎
|𝜓⟩ = |𝜓 ′

⟩ is still in the code, so:

|𝜓 ′
⟩ =𝐶𝑆 |𝜓⟩
=𝐴𝐶 |𝜓⟩
=𝐴 |𝜓 ′

⟩

Thus,𝐴 is a logical identity of the code. This contradicts the inductive hypothesis since𝐴 is a 1-local circuit
in the 𝑘 − 1 level of the Clifford hierarchy.

Thus, the assumption that 𝐶 exists must be false.
⊓⊔

Corollary 2. If a CSS code  = 𝖢𝖲𝖲(𝐴,𝐵):

– is non-splitting;
– has distance at least 2;
– is not self-dual (i.e., 𝐴 ≠ 𝐵);
– admits no logical operator from 𝑃 or 𝑃𝐻𝑃 gates;

then  does not admit any circuit from single-qubit gates in any higher level of the Clifford hierarchy.

Proof. From Proposition 8, we know that there are no non-global circuits with 𝐻 , 𝐻𝑃 , or 𝑃𝐻 gates that
preserve the code. If such a circuit is global, it can only preserve the code if 𝐴 = 𝐵, using the rules in
Proposition 6. Thus 𝐻 , 𝐻𝑃 , and 𝑃𝐻 cannot form logical identities on .

If the code does not admit any logical operators from 𝑃 or 𝑃𝐻𝑃 gates, it admits no gates in 2
𝑛 except

those already in 1
𝑛 (the Paulis). Using Theorem 1, this means it can admit no physical gate from any higher

level of the Clifford hierarchy, as such a gate would need to preserve the codespace.
⊓⊔

In short, either the code admits logical operators from phase (or 𝑃𝐻𝑃 ) gates, or it admits nothing else
from the (1-local) Clifford hierarchy.

In turn, we might wonder whether similar techniques from our𝐻 impossibility results could apply to just
𝑃 . However, this is not true: the same commutation rules from Equation (8) tell us that if a code 𝖢𝖲𝖲(𝐴,𝐵)
admits a logical operator formed by single-qubit 𝑃 circuit on a set of physical qubits 𝑝, then we can conclude
that 𝑎 ∩ 𝑝 ∈ 𝐵 for all 𝑎 ∈ 𝐴. This is significantly less restrictive then the requirements for 𝐻 , and indeed
codes with transversal T gates admit partially addressable 𝑃 gates.

5 Permutation Isomorphisms and Addressability

Because of our restrictions that addressable gates should be logical operators, i.e., preserve the codespace,
we are effectively studying automorphisms of the code. Here we consider this more directly, but consider
isomorphisms between codes, and consider only isomorphisms formed by permutations of qubits. Such
isomorphisms (in particular automorphisms) were proposed as a method to perform logical operations as
early as 2013 [3], and recently detailed for certain quantum LDPC codes [7]. We show that there are actually
not that many isomorphisms like this, which rules out certain kinds of circuits for high-rate codes.

Throughout this section we will implicitly work with qudit CSS codes except where otherwise men-
tioned.
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5.1 Counting Permutations

Definition 7. Let 1,2 be classical codes with parity checks 𝐻1 and 𝐻2 respectively, we say that 𝜏𝑛 ∈ 𝑆𝑛
is a permutation isomorphism from 1 to 2 iff there exists 𝑈 ∈ GL𝑟(𝔽𝑞) such that 𝑈𝐻1 = 𝐻2𝑃 where 𝑃
is the permutation matrix of 𝜏𝑛.

If 1 = 2, we say 𝜏𝑛 is a permutation automorphism.

Remark 1. We can define it equivalently with the generator matrix, since if 𝑃 preserve the codespace, it
equivalently preserves its orthogonality.

Proof. Suppose 𝑈𝐺1 = 𝐺2𝑃 . For any 𝑥 ∈ ⟂
2 and 𝑦 ∈ 1, ⟨𝑦, 𝑥𝑃 ⟩ = ⟨𝑈𝑦′, 𝑥𝑃 ⟩ for some 𝑦′ ∈ 1,

since 𝑈 is invertible. But this means 𝑈𝑦′ = 𝑦′′𝑃 for some 𝑦′′ ∈ 2, so the inner product is equal to
⟨𝑦′′𝑃 , 𝑥𝑃 ⟩ = ⟨𝑦′′, 𝑥⟩ = 0. Thus, 𝑥𝑃 ∈ ⟂

1 for any 𝑥 ∈ ⟂
2 ; by dimensionality arguments, this tells us

𝑈𝐻1 = 𝐻2𝑃 .
⊓⊔

Definition 8. 𝜏𝑛 ∈ 𝑆𝑛 is a permutation isormorphism from 𝖢𝖲𝖲(11,12) to 𝖢𝖲𝖲(21,22) iff it is a permu-
tation isomorphism from 11 to 21 and from 12 to 22.

In this case, for 𝑖 ∈ {1, 2} we can form a matrix 𝐻𝑖 =
(

𝐻𝑇
𝑖1 𝐻

𝑇
𝑖2

)𝑇
where 𝐻𝑖1,𝐻𝑖2 are the respective

parity checks of 𝑖1,𝑖2. Then we get that

𝑈𝐻1 = 𝐻2𝑃 with 𝑈 =

⎛

⎜

⎜

⎜

⎝

𝑈1 0

0 𝑈2

⎞

⎟

⎟

⎟

⎠

. (20)

Example 4. For an automorphism, take 𝐻1 =
(

1 1 0

)

and 𝐻2 =
(

0 1 1

)

, we get 𝐻 =

⎛

⎜

⎜

⎜

⎝

1 1 0

0 1 1

⎞

⎟

⎟

⎟

⎠

.

We can see that
⎛

⎜

⎜

⎜

⎝

0 1

1 1

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

1 1 0

0 1 1

⎞

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎝

1 1 0

0 1 1

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 1 0

0 0 1

1 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

This means that the permutation of qubits represented by the permutation matrix on the right preserves
the stabilizer group, meaning that it is a valid permutation automorphism for the classical code represented
by𝐻 but it is not a valid permutation automorphism for 𝖢𝖲𝖲(1,2) as it is not an automorphism on 1,2.

Remark 2. The matrix 𝐻 =
(

𝐻𝑇
1 𝐻𝑇

2

)𝑇
, corresponds to the parity check matrix of the CSS code where

we forget if a check is of type X or Z.

Intuitively, this means that a permutation isomorphism can permute the columns of𝐺 from the first code
in such a way that it maps to the second codespace. However this puts strong conditions on the form of the
invertible matrix 𝑈 . From those conditions we can extract an upper bound on the number of different such
matrices 𝑈 , and thus and upper bound of the number of permutation automorphisms.

Proposition 10. The number of pairs 𝑈, 𝑃 of invertible matrix and permutation such that 𝑈𝐻2 = 𝐻1𝑃
only depends on the vector spaces span(𝐻1) and span(𝐻2). Moreover, the number of such pairs is constant
under permutations of the columns of 𝐻2 or 𝐻1.

13
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Proof. Let �̄�1 be another basis of the first vector space and �̄�2 another basis of the second. This means that
there exists 𝑊1 and 𝑊2 such that �̄�1 = 𝑊1𝐻1 and �̄�2 = 𝑊2𝐻2. Let 𝑃 ′

1 and 𝑃 ′
2 be arbitrary permutations.

Let 𝑈, 𝑃 be an invertible matrix and a permutation such that 𝑈𝐻2 = 𝐻1𝑃 , or 𝑈𝐻2𝑃−1 = 𝐻1. Then
(𝑊1𝑈𝑊 −1

2 )�̄�2𝑃 ′
2(𝑃

′−1
2 𝑃−1𝑃 ′

1) = 𝑊1𝐻1𝑃 ′
1 = �̄�1𝑃 ′

1 . Since 𝑊𝑈𝑊 −1 is invertible and 𝑃 ′−1
2 𝑃−1𝑃 ′

1 is a
permutation, this is a valid pair for �̄�2𝑃 ′

2 and �̄�1𝑃 ′
1 Thus, there are as many pairs for (𝐻1,𝐻2) as for

(�̄�1𝑃 ′
1 , �̄�2𝑃 ′

2). ⊓⊔

Here we make a distinction between counting distinct pairs (𝑈, 𝑃 ), counting distinct permutations 𝑃
that belong to such a pair, and counting distinct 𝑈 that belong to such a pair.

Lemma 2. Let𝑚 be the number of distinct pairs (𝑈, 𝑃 ) of an invertible matrix𝑈 and a permutation 𝑃 such
that 𝑈𝐻2 = 𝐻1𝑃 , and let 𝑚𝑢 be the number of distinct 𝑈 from such a pair and 𝑚𝑝 the number of distinct 𝑃 .
Then for a fixed 𝑈 , if it is part of pair (𝑈, 𝑃1) then (𝑈, 𝑃2) is also a valid pair if and only if 𝑃2 is in the same
right coset as 𝑃1 of the subgroup of permutations Sym(𝐻1) ∶= {𝑃 ∈ Sym(𝑛) ∶ 𝐻1𝑃 = 𝐻1}. Consequently,
𝑚𝑝 = 𝑚 = 𝑚𝑢|Sym(𝐻1)|.

Proof. To prove 𝑚𝑝 = 𝑚, we prove that each 𝑃 has exactly one 𝑈 that forms such a pair. If there were
more than one, then 𝑈1𝐻2 = 𝐻1𝑃 = 𝑈2𝐻2, meaning 𝑈2𝑈−1

1 𝐻2 = 𝐻2. Since 𝐻2 is full-rank, this implies
𝑈2𝑈−1

1 = 𝐼 .
For the second, if (𝑈, 𝑃1) and (𝑈, 𝑃2) are valid pairs, then 𝑈𝐻2 = 𝐻1𝑃1 = 𝐻1𝑃2. This implies

𝐻1𝑃1𝑃−1
2 = 𝐻1. Immediately this implies 𝑃1𝑃−1

2 ∈ Sym(𝐻1). Conversely, if any 𝑃 is in Sym(𝐻1)𝑃1,
then 𝑃 = 𝑃 ′𝑃1 where 𝑃 ′ ∈ Sym(𝐻1). Then 𝐻1𝑃 = 𝐻1𝑃 ′𝑃1 = 𝐻1𝑃1, so 𝑈𝐻2 = 𝐻1𝑃 as well.

⊓⊔

The size of this group of permutations that fix𝐻1 can be easily found, since they are simply products of
permutations of columns of 𝐻1 which are exactly the same.

Clearly the number of valid permutations 𝑃 tells us the number of qudit permutations which preserve
the code. However, we will actually care more about the number of invertible matrices 𝑈 , which is smaller.
We need a small lemma to prove that we can quotient out by Sym(𝐻1) in this way:

Lemma 3. Let  = 𝖢𝖲𝖲(𝐴,𝐵), with 𝐻𝐴 a parity check matrix for 𝐴. Then if two columns of 𝐻𝐴 are
identical, either  has distance at most 2 or swapping these two qubits acts as a logical identity.

Proof. Suppose WLOG the first two columns are the same. Then the vector 𝑣 ∶= (1,−1, 0,… , 0) ∈ 𝐴⟂, so
𝑍𝑣 is either a logical 𝑍 operator or a 𝑍 stabilizer. If 𝑍𝑣 is a logical operator, the code has distance at most
2.

If 𝑍𝑣 is a stabilizer, then every 𝑥 ∈ 𝐵⟂ ⊆ 𝔽 𝑛𝑞 must have 𝑥1 = 𝑥2 to be orthogonal to 𝑣. However, all
logical 𝑋 operators must be of the form 𝑋𝑥 for some 𝑥 ∈ 𝐵⟂, so 𝑥1 = 𝑥2 for all 𝑋 stabilizers and logical
operators. Thus, swapping these two qubits acts as the identity on 𝑋 operators.

For𝑍 operators, take any 𝑏 = (𝑏1, 𝑏2,… , 𝑏𝑛) ∈ 𝐴⟂ (either a𝑍 stabilizer or logical operator). If 𝑏1 = 𝑏2
it is also invariant under swapping qubits 1 and 2, and if 𝑏1 ≠ 𝑏2, then swapping the first two qubits will
produce the operator:

(𝑏2, 𝑏1, 𝑏3,… , 𝑏𝑛) = 𝑏 + (𝑏2 − 𝑏1, 𝑏1 − 𝑏 − 2, 0,… , 0) (21)
However, the second vector is clearly a multiple of 𝑣 = (1,−1, 0,… , 0), and we know that 𝑍𝑣 is a 𝑍-
stabilizer. Thus, the operator 𝑍𝑏 is equivalent up to multiplication by a stabilizer to itself after the swap, so
it must be the same logical operator.

Both arguments also show that the 𝑋 and 𝑍 stabilizers are also invariant when 𝑍𝑣 is a 𝑍-stabilizer.
⊓⊔

Corollary 3. Let  = 𝖢𝖲𝖲(𝐴,𝐵) have distance at least 3. Then any permutation automorphism 𝜏 such that
𝐻𝐴𝑃𝜏 = 𝐻𝐴 acts as a logical identity.

Proof. We can see that 𝐻𝐴𝑃𝜏 = 𝐻𝐴 only if it permutes only columns of 𝐻𝐴 which are identical. Thus, it
can be constructed as a product of transpositions on such columns. From Lemma 3, each transposition is a
logical identity, so their product is as well.

⊓⊔
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Thus, to count logical operations, we care only about the number of invertible matrices 𝑈 such that
𝑈𝐻2 = 𝐻1𝑃 , not the number of pairs or permutations.

Proposition 11. Calling 𝑚𝑢 the number of invertible matrices 𝑈 such that their exists a permutation 𝑃
such that 𝑈𝐻2 = 𝐻1𝑃 , and 𝑝 the number of pairs of permutations such that 𝑃 ′𝐻 ′

2 = 𝐻 ′
1𝑃

′′ we have
𝑝 ≤ 𝑚 ≤ 𝑛!

(𝑛−𝑟)! , where 𝐻 ′
1 and 𝐻 ′

2 are the right block in the row reduced forms of 𝐻1 and 𝐻2.

Proof. Since 𝐻2 has 𝑟 independent rows, we can reduce it such that it has the form �̄�2 =
(

𝐼𝑟 𝐻 ′
2

)

=

𝑊𝐻2𝑃 ′ where 𝑊 ∈ 𝐺𝐿𝑟(𝔽𝑞) and 𝑃 ′ a permutation matrix of dimension 𝑛.

Using Proposition 10 we get that there are as many pairs for 𝐻2 and for �̄�2.

Let 𝑈 be an invertible matrix of rank 𝑟, we get that 𝑈�̄�2 =
(

𝑈 𝑈𝐻 ′
2

)

= 𝐻1𝑃 . Thus, for 𝑈 to be part

of a valid pair, it has to be made of 𝑟 independent columns of𝐻1. And there are less than 𝑛!
(𝑛−𝑟)! ways to pick

such set of columns.

For the lower bound, we can check that we can extend any valid permutation on 𝐻 ′
1,𝐻

′
2 into a valid

permutation on �̄�1. Let 𝑃 ′, 𝑃 ′′ be permutation matrix of dimension respectively 𝑟, 𝑛 − 𝑟.

𝑃 ′�̄�2 =
(

𝑃 ′ 𝑃 ′𝐻 ′
2

)

=
(

𝑃 ′ 𝐻 ′
1𝑃

′′

)

=
(

𝐼𝑟 𝐻 ′
1

)

⎛

⎜

⎜

⎜

⎝

𝑃 ′ 0

0 𝑃 ′′

⎞

⎟

⎟

⎟

⎠

= �̄�1

⎛

⎜

⎜

⎜

⎝

𝑃 ′ 0

0 𝑃 ′′

⎞

⎟

⎟

⎟

⎠

Hence, any pair of permutations on 𝐻 ′
1,𝐻

′
2 can be extended into a valid one on �̄�1, �̄�2. ⊓⊔

Remark 3. Furthermore, since we want 𝑈�̄�2 = �̄�1𝑃 with 𝑃 a permutation of the columns, then we also
need𝑈�̄�2 to generate 𝐼𝑟, meaning that the columns of𝑈−1 should also be in �̄�2. This is a stricter restriction
and could reduce the upper bound significantly depending on the code. We can use this observation to create
an algorithm to find all matrices 𝑈 having 𝑈𝐵 = 𝐵𝑃 without going over all permutations. This will be
slightly better but still very inefficient.

Finally, we summarize as a theorem:

Theorem 2. Let  = 𝖢𝖲𝖲(𝐴,𝐵) be an J𝑛, 𝑘, 𝑑K code with 𝑑 ≥ 3. The number of distinct logical opera-
tions that can be implemented by permuted qubits in the code is upper-bounded by 𝑛!

𝑘𝑚𝑎𝑥!
, where 𝑘𝑚𝑎𝑥 =

max{dim(𝐴), dim(𝐵)}.

Proof. From Corollary 3, if two permutations 𝑃1 and 𝑃2 are such that 𝐻𝐴𝑃1 = 𝐻𝐴𝑃2, they must produce
the same logical action: this identity tells us 𝑃1 = 𝑃𝑃2 where 𝐻𝐴 = 𝐻𝐴𝑃 , and 𝑃 acts as a logical identity.

Then Lemma 2 tells us that the number of permutation automorphisms on the code, quotiented out by
this subgroup, is precisely the number of invertible matrices 𝑈 where there is some permutation such that
𝑈𝐻𝐴 = 𝐻𝐴𝑃 .

Then from Proposition 11, the number of such invertible matrices is at most 𝑛!
(𝑛−dim(𝐻𝐴))!

. Since 𝐻𝐴 is

the parity check matrix, the dimension of the code 𝐴 is 𝑘𝐴 = 𝑛 − dim(𝐻𝐴). Thus, there are at most 𝑛!
𝑘𝐴!

distinct logical operations.
The same logic must apply to 𝐵, so our upper bound is

min
{

𝑛!
𝑘𝐴!

, 𝑛!
𝑘𝐵!

}

= 𝑛!
𝑘𝑚𝑎𝑥!

(22)

.
⊓⊔

Theorem 2 gives a bound in terms of the rates of the underlying classical codes. Transforming this into
a bound with a rate on the quantum code takes some care, using Proposition 2.
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5.2 Operators Constructed From SWAPs

We are now going to use the upper bound on the number of automorphisms on classical codes, to describe
families of CSS codes on which certain gates are not SWAP addressable. The idea is that if we have more
possible logical gates (e.g. SWAPs) than automorphisms, then SWAP cannot be SWAP addressable.

To prove this, we first need some lemmas on the asymptotic behavior of the bounds we will use:

Lemma 4. For all sequences (𝜌𝑛) and (𝜌′𝑛) such that 𝜌𝑛 + 𝜌′𝑛 > 1,

∃𝑛0 ∈ ℕ such that ∀ 𝑛 ≥ 𝑛0,
𝑛!

(𝜌′𝑛𝑛)!
< (𝜌𝑛𝑛)!

Proof. Since we are in the positive part of the logarithm, and it is an increasing function, it will be equivalent
to prove that

∑

𝜌′𝑛𝑛≤𝑖≤𝑛
log(𝑖) <

∑

2≤𝑗≤𝜌𝑛𝑛 log(𝑗).
Again because the logarithm is increasing, we can make integral inequalities:

∑

𝜌′𝑛𝑛≤𝑖≤𝑛
log(𝑖) ≤ ∫

𝑛+1

𝜌′𝑛𝑛
log(𝑥)𝑑𝑥

∑

2≤𝑖≤𝜌𝑛𝑛
log(𝑖) ≥ ∫

𝜌𝑛𝑛−1

1
log(𝑥)𝑑𝑥

Now we use ∫ 𝑛+1𝜌′𝑛𝑛
log(𝑥)𝑑𝑥 = 𝑔(𝑛 + 1) − 𝑔(𝜌′𝑛𝑛) and ∫ 𝜌𝑛𝑛−11 log(𝑥)𝑑𝑥 = 𝑔(𝜌𝑛𝑛 − 1) − 𝑔(1), where

𝑔(𝑥) = 𝑥 log(𝑥) − 𝑥. . Hence, if 𝑔(𝑛 + 1) − 𝑔(𝜌′𝑛𝑛) < 𝑔(𝜌𝑛𝑛 − 1) − 1 then the inequality holds. We can do
some algebra to see that this holds when the following expression is negative:

𝑔(𝑛 + 1) − 𝑔(𝜌′𝑛𝑛) − 𝑔(𝜌𝑛𝑛 − 1) + 𝑔(1) = (1 − 𝜌′𝑛 − 𝜌𝑛)𝑛 log(𝑛) + (𝑛)

Since we assumed 𝜌′𝑛 + 𝜌𝑛 > 1, it gives that there exists an 𝑛0 for which ∀ 𝑛 ≥ 𝑛0, 𝑛!
(𝜌′𝑛)! < (𝜌𝑛)!

⊓⊔

Corollary 4. For all sequence (𝜌𝑛) and (𝜌′𝑛) such that 1
2𝜌𝑛 + 𝜌

′
𝑛 > 1,

∃𝑛0 ∈ ℕ such that ∀ 𝑛 ≥ 𝑛0,
𝑛!

(𝜌′𝑛𝑛)!
< (𝜌𝑛𝑛)!!

Proof. The double factorial can instead be written as
∑

2<𝑗< 1
2 𝜌𝑛𝑛

log(2𝑗 + 1), and thus lower-bounded by

∫

1
2 𝜌𝑛𝑛−1

1
log(2𝑥 + 1)𝑑𝑥 = 1

2
(

𝑔(𝜌𝑛𝑛 − 1) − 𝑔(3)
)

.

and the final asymptotic expression is (1 − 𝜌′𝑛 −
1
2𝜌𝑛)𝑛 log(𝑛) + (𝑛), giving the result.

⊓⊔

Lemma 5. For any integer 𝑞 > 1 and all sequences (𝜌𝑛), (𝜌′𝑛) such that 𝜌𝑛, 𝜌′𝑛 > 0 and 𝜌𝑛 >
√

log 𝑛
𝑛 log 𝑞 +

Ω
(

1
√

𝑛

)

,

∃𝑛0 ∈ ℕ such that ∀ 𝑛 ≥ 𝑛0,
𝑛!

(𝜌′𝑛𝑛)!
< 𝑞(𝜌𝑛𝑛)

2−1

In particular, 𝑛!
(𝜌′𝑛𝑛)!

< |GL𝜌𝑛𝑛(𝑞)|.
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Proof. We apply precisely the same reasoning, and obtain that the result holds when the following expression
is negative:

𝑔(𝑛 + 1) − 𝑔(𝜌′𝑛𝑛) − log(𝑞)(𝜌𝑛𝑛)2 + 1 (23)

which works out to

(𝑛 + 1) log(𝑛 + 1) − 𝑛 − 1 − (𝜌′𝑛𝑛) log
(

𝜌′𝑛𝑛
)

− log(𝑞)𝜌2𝑛𝑛
2 + 1 (24)

=(1 − 𝜌′𝑛)
log 𝑛
𝑛

− log(𝑞)𝜌2𝑛𝑛
2𝑂

(

log 𝑛
𝑛2

)

. (25)

The lower bound on 𝜌𝑛 shows that this will be negative.
To show that this relates to GL𝜌𝑛𝑛(𝑞), we note that

|GL𝑘(𝑞)| =
𝑘−1
∏

𝑖=0
(2𝑘 − 2𝑖) (26)

which can be lower-bounded by 𝑞𝑘2−1.
⊓⊔

Theorem 3. Let 𝑛 = 𝖢𝖲𝖲(𝐶1
𝑛 , 𝐶

2
𝑛 ) such that calling 𝜌𝑛 the rate of 𝑛 and 𝜌′𝑛 the maximum dimension of

the classical codes 𝐶1
𝑛 , 𝐶

2
𝑛 we have 𝜌𝑛 + 𝜌′𝑛 > 1 for all 𝑛 > 𝑛1. Then SWAP is not SWAP addressable on this

family of codes.

Proof. By Theorem 2, the maximum number of distinct logical operations formed by permutations is at
most 𝑛!

(𝜌′𝑛𝑛)!
.

Since by assumption 𝜌𝑛 + 𝜌′𝑛 > 1, we can use Lemma 4 and conclude there exists some 𝑛0 such that for
all 𝑛 ≥ 𝑛0, 𝑛!

(𝜌′𝑛𝑛)!
< (𝜌𝑛𝑛)! = 𝑘!.

If the addressable SWAPs existed, we could compose them to obtain all 𝑘! logical permutation gates from
physical permutations; however, the inequality shows that there are not enough allowed physical permutation
circuits to produce this many logical operators. ⊓⊔

Remark 4. We can swap two qubits by using 3 CNOTs between them:

𝖲𝖶𝖠𝖯𝑖,𝑗 = 𝖢𝖭𝖮𝖳𝑖,𝑗𝖢𝖭𝖮𝖳𝑗,𝑖𝖢𝖭𝖮𝖳𝑖,𝑗 . (27)

This means that if we had all logical CNOTs then we could generate all logical SWAPs. Thus CNOT is not
SWAP-addressable on those codes either.

Corollary 5. The following gates are not permutation addressable on CSS codes with the following rates:

– SWAP gates for codes with an asymptotical rate greater than 1
3 ;

– Any 2-qubit gate for codes with with an asymptotical rate greater than 3
4 ;

– CNOTs gates for codes with an asymptotical rate in Ω
(

√

log 𝑛
𝑛

)

.

Proof. Let (𝑛)𝑛∈ℕ be a family of CSS codes and 𝑛0 ∈ ℕ such that ∀ 𝑛 > 𝑛0, 𝜌𝑛 >
1
3 . Let us now fix

𝑛 > 𝑛0, and call 𝐶1
𝑛 , 𝐶

2
𝑛 the classical codes making 𝑛, and 𝜌′𝑛, 𝜌

′′
𝑛 the maximum and minimum of their rates.

We get that 𝜌𝑛 = 𝜌′𝑛 + 𝜌
′′
𝑛 − 1 by Proposition 2. Thus 𝜌𝑛 ≤ 2𝜌′𝑛 − 1 which means that 𝜌′𝑛 ≥ 𝜌𝑛+1

2 . Hence
𝜌𝑛 + 𝜌′𝑛 ≥

𝜌𝑛+1
2 + 𝜌𝑛 >

4
6 +

1
3 > 1. Thus, for all 𝑛 > 𝑛0, 𝜌𝑛 + 𝜌′𝑛 > 1, and we can now use Theorem 3.

For arbitrary 2-qubit gates, if a 2-qubit gate is permutation addressable it is parallel addressable since
permutations are closed under composition. Thus, the number of such logical gates is at least the number
of choices of disjoint pairs of qubits, and there are at least min{𝑘!!, 𝑘(𝑘 − 1)!!} such pairs2. Applying the

2 This is the double factorial: 𝑘!! = 𝑘(𝑘 − 2)(𝑘 − 4)…
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logic above with 𝜌𝑛 >
3
4 , we see that 1

2𝜌𝑛 + 𝜌
′
𝑛 > 1, and by Corollary 4 this is greater than the number of

permutation automorphisms on the code.
For CNOT gates, CNOTs generate all invertible linear matrices on the computational basis. By Lemma 5,

the size of invertible linear matrices on 𝑘 = 𝜌𝑛 logical qubits is asymptotically greater than 𝑛!
(𝜌′𝑛)! when

𝜌𝑛 >
√

log 𝑛
𝑛 + Ω

(

1
√

𝑛

)

. ⊓⊔

These results illustrate an example of a trade-off between the performance of a code (its parameters) and
how easy it might be to implement some logical operations on it. In [8][5] they prove methods to construct
families of good quantum codes for any rate 0 < 𝜌 < 1; however, using Theorem 3 we know that using only
physical swaps, none of these families can implement addressable CNOTs, and starting from 𝜌 > 1

3 they
cannot implement addressable logical swaps.

In [7] they construct various addressable Clifford gates, including CNOTs, from permutation automor-
phisms. The rate of their code family is Θ

(

log2 𝑛
𝑛

)

, and Corollary 5 shows that they are only a quadratic
factor away from our upper bound on the best possible rate with this technique.

5.3 CNOT and CZ Results

Our techniques in the last section relied on counting automorphisms. We proved a more general statement
about isomorphisms between codes so that we can consider addressable gates between two codes. We will
consider two codes where we use physical CNOT or CZ gates, with the controls in one code and the targets
in the second. We call a circuit global if precisely one gate acts on every physical qubit. This condition
captures the addressable CCZ gates in [4].

Thanks to this condition, the physical gates define a permutation 𝜋 ∈ 𝑛, where if 𝑖 is the control of a
CNOT in the first code, 𝜋(𝑖) is the target of that CNOT in the second code (defined similarly for CZ). This
representation using permutations makes it possible to link the results on isomorphisms to CNOTs and CZs.
We will write such a circuit as 𝖢𝖭𝖮𝖳(𝜋) or 𝖢𝖹(𝜋).

Example 5. Consider the following unitary :

1

First Block

2341

Second Block

234

where control and targets are from two different blocks of the same type of code made of 4 physical
qubits. The permutation 𝜋 would here be 𝜋 = (142)(3).

A critical component of the previous section was counting automorphisms up to distinct logical actions.
We prove an analogous result here. For a general gate 𝑈 , we use 𝖢𝑈 (𝜋) to denote a global controlled-𝑈
circuit, where every qubit 𝑖 in one code is a control, whose target qubit is 𝜋(𝑖) in a second code.

Lemma 6. Let 𝑈 be a single-qubit gate, and consider a global controlled-𝑈 circuit with all controls in
1 = 𝖢𝖲𝖲(𝐴1, 𝐵1) and all targets in 2 = 𝖢𝖲𝖲(𝐴2, 𝐵2), and let 𝜋 be the permutation induced by mapping
control to target. If 𝜋1 ∈ Sym(𝐻𝐴1

) ∪ Sym(𝐻𝐵1
) and 𝜋2 ∈ Sym(𝐻𝐴2

) ∪ Sym(𝐻𝐵2
), then 𝖢𝑈 (𝜋2◦𝜋◦𝜋1) has

the same logical action as 𝖢𝑈 (𝜋) if both 1 and 2 have distance at least 3.
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Proof. We can see that 𝖢𝑈 (𝜋2◦𝜋◦𝜋1) is equivalent to the physical circuit obtained by permuting 1 by 𝜋−11 ,
permuting 2 by 𝜋−12 , applying 𝖢𝑈 (𝜋), then permuting 1 and 2 back by 𝜋1 and 𝜋2 respectively.

Using Corollary 3, these physical permutations are logical identities, thus the logical action is the same
as 𝖢𝑈 (𝜋) itself.

⊓⊔

Proposition 12. CNOT is not depth-one global CNOT parallel addressable on any two CSS codes with the
same parameters, and asymptotical rates greater than 1

3 .

Proof. Let the two codes be 𝖢𝖲𝖲(𝐴1, 𝐵1) and 𝖢𝖲𝖲(𝐴2, 𝐵2).
By studying the actions on stabilizers, we have that 𝖢𝖭𝖮𝖳𝐼,𝐽 between two blocks of the code being

valid implies that
∀ 𝑎 ∈ 𝐴1, 𝜋(𝑎 ∩ 𝐼) ∈ 𝐴2

∀ 𝑏 ∈ 𝐵2, 𝜋
−1(𝑏 ∩ 𝐽 ) ∈ 𝐵1

where 𝐼 is the set of control on the first block of the code, and 𝐽 the set of target on the second. 𝜋 is the
bijective function going from control to target, and these equations show that it acts as an isomorphism from
𝐴1 to 𝐴2. Also 𝜋−1 as an isomorphism from 𝐵2 to 𝐵1,so 𝜋 is an isomorphism from 𝐵1 to 𝐵2. Thus, each
valid depth-one, global CNOT circuit corresponds to a valid isomorphism from the first code to the second,
so our isomorphism upper bounds also apply to the number of such CNOT circuits.

Moreoever, Lemma 6 tells us that these circuits have distinct actions only if the permutations are in
distinct cosets of Sym(𝐻𝐴2

), and the number of such distinct actions is bounded by 𝑛!
𝑘𝑚𝑎𝑥!

by Theorem 2.
If we want these circuits to implement all parallel addressable logical CNOTs between the two codes,

there must be 𝑘! such gates.
The same counting arguments for the SWAP thus tell us that, asymptotically, there are not enough auto-

morphisms to construct all such gates. ⊓⊔

Proposition 13. 𝖢𝖹 is not depth-one global 𝖢𝖹 parallel addressable on any two CSS codes with the same
parameters, and asymptotical rates greater than 1

3 .

Proof. The proof will proceed almost identically to Proposition 12. We first note that the required stabilizer
relations are

∀𝑎 ∈ 𝐴1, 𝜋(𝑎) ∈ 𝐵2 (28)
∀𝑎 ∈ 𝐴2, 𝜋

−1(𝑎) ∈ 𝐵1 (29)

(with the intersection with 𝐼 and 𝐽 not shown because the circuit is global).
This tells us that 𝜋(𝐴1) ⊆ 𝐵2 and 𝜋(𝐵1) ⊆ 𝐴2. Since the codes have the same parameters, we know

that 𝑛 − 𝑘 = dim(𝐴1) + dim(𝐵1) = dim(𝐴2) + dim(𝐵2) (where 𝑘 is the number of logical qubits). Thus,
𝜋(𝐴1) = 𝐵2 and 𝜋(𝐵1) = 𝐴2, giving us an isomorphism 𝜋 from𝐴1 to𝐵2 and𝐵1 to𝐴2. Since Proposition 11
does not care about the role of the codes, the counting arguments still apply, and still give the required upper
bound. ⊓⊔

Remark 5. The stabilizers relations stays valid in the context of qudits, which makes us able to apply this
result to the case of [4]. To see this, in the context of qudits, the commutation rule of 𝖢𝖹𝑑 gives :

𝖢𝖹𝑑(𝑋𝑑 ⊗ 𝐼) = (𝑋𝑑 ⊗𝑍𝑑)𝖢𝖹𝑑
𝖢𝖹𝑑(𝐼 ⊗ 𝑋𝑑) = (𝑍𝑑 ⊗𝑋𝑑)𝖢𝖹𝑑
𝖢𝖹𝑑(𝑍𝑑 ⊗ 𝐼) = (𝑍𝑑 ⊗ 𝐼)𝖢𝖹𝑑 .
𝖢𝖹𝑑(𝐼 ⊗ 𝑍𝑑) = (𝐼 ⊗ 𝑍𝑑)𝖢𝖹𝑑 .

Thus let 𝑎 ∈ 𝐴 be a vector with coefficient in 𝔽𝑞 representing a 𝑋 stabilizer for a CSS qudit code. Then
a global depth-1 circuit of CZ sends it to a stabilizer iff 𝜋(𝑎) ∈ 𝐵. The only difference here being that we
use coefficient in 𝔽𝑞 , but the relation stays the same.
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Proposition 13 relates to Open Question 1 from [4]: are there asymptotically good codes admitting
transversal, addressable CCZ gates? The constructions they give for addressable CCZ gates are global,
depth-one, and readily “downgrade” to addressable CZ gates. Thus, our results imply their techniques will
not produce parallel addressable CCZ gates on an asymptotically good code with rates greater than 1

3 , un-
less one can (a) produce parallel addressable CCZ without simultaneously allowing parallel addressable
CZ; or (b) produce non-global parallel addressable CCZ; or (c) use gates other than physical CZ or CCZ.
Furthermore, using growing fields, [4] provides codes with non-zero relative distance and rate that allow
addressable CCZ using global circuits. In this case, they show that they can make both rate and relative
distance at least 1

6 , but by reducing the relative distance, they can boost the rate make it arbitrarily close to
1
3 . While their maximal rate matches our bound, it is important to note that we prove impossibility of parallel
addressability, while they show the existence of addressability. Hence, it could be that they can achieve a
better rate than 1

3 , but they would not be able to convert this method to parallel addressability.
Together, the results from Sections 5.2 and 5.3 suggests a concerning inability to create entanglement

between the qubits in high-rate quantum code. We cannot apply CNOTs between arbitrary pairs of qubits in
the high-rate code with permutations, and many families of CNOTs (say, all CNOTs from qubit 𝑖 to 𝑖 + 1)
will generate all CNOTs, and thus are also impossible.

We might instead hope to use CNOTs to copy some data to another good quantum code, entangle the
results there, and copy them back. However, Proposition 12 tells us that an addressable CNOT between two
good codes would only be able to send a given logical qubit in the first code to a small subset of logical
qubits in the second code, and since the same no-go result would apply to the second, we would not be able
to permute or entangle them before trying to copy them back.

To escape these results, we note two critical assumptions: first, that both codes has asymptotic rate at
least 1

3 , and second, that the CNOTs are implemented by a permutation of the physical qubits. To escape the
first, we might imagine copying to a less efficient code like the surface code. Such an architecture resembles
caching, where quantum data is stored in the asymptotically good code, where computations are difficult,
then copied into the surface code for computation.

For the second restriction, one might imagine implementing logical CNOTs with physical CNOTs. How-
ever, notice that if the physical CNOTs also compose to physical swaps, then we run afoul of the same per-
mutation counting arguments. This does not mean a CNOT cannot be implemented: our results do not forbid
some CNOTs together with single-qubit Clifford gates to enact a logical CNOT.

6 Algorithms for finding splits in CSS codes

We mentioned before that if a code splits then its distance is the minimum of the codes making it. Hence
when we are trying to build the best code possible, we do not want them to split. In particular, the quantum
Tanner code construction takes some code 𝐶𝐴, 𝐶𝐵 at random and shows that with some probability, it will
give an asymptotically good code.

Given a code, it is hard to compute its distance: it is equivalent to the problem of finding the smallest
non-empty subset of dependent columns in the parity check matrix, and this is NP-hard. We thus expect
that the splitting of the code gives a nice heuristic: if a code splits then most likely it will not have a good
distance. Conversely, we hope that codes built this way with bad distance will split with good probability.
This would give a better way to sample good quantum Tanner codes.

In the following, we present two algorithm that detect if a code splits. The second approach detects and
returns the splits in quadratic time (linear time for LDPC codes) in the number of qubits.

6.1 System solving approach

There is another equivalent way of defining splitting codes that we did not talk about the in splitting section.

Proposition 14.  = 𝖢𝖲𝖲(𝐴,𝐵) is a splitting code if there exists a diagonal matrix 𝐷 with coefficients not
all equal such that for all 𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵, 𝑎𝐷 ∈ 𝐴 and 𝑏𝐷 ∈ 𝐵.
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Proof. Starting by the easy direction, assuming that 𝐶 splits on some support ℎ, then both 𝐴,𝐵 split on ℎ.
Let us take 𝐷 defined as 𝐷𝑖,𝑖 = 1 if 𝑖 ∈ ℎ and 0 otherwise, since 𝐶 splits we have that the coefficients of 𝐷
are not all equal. Multiplication by 𝐷 is just a projection onto ℎ, so 𝑎𝐷 ∈ 𝐴 and 𝑏𝐷 ∈ 𝐵 for all 𝑎 ∈ 𝐴 and
𝑏 ∈ 𝐵, as required.

In the other direction, let us first show that for any polynomial with integer coefficients 𝑃 , we have
𝑎𝑃 (𝐷) ∈ 𝐴 and 𝑏𝑃 (𝐷) ∈ 𝐵 for any 𝑎, 𝑏 ∈ 𝐴 × 𝐵. By assumption we have 𝑎𝐷 ∈ 𝐴, hence applying this
rule again gives that for all 𝑠 ∈ ℕ, 𝑎𝐷𝑠 ∈ 𝐴. Finally, since𝐴 is linear, we get that for all polynomials 𝑃 with
integer coefficients, 𝑎𝑃 (𝐷) ∈ 𝐴. The same reasoning applies to 𝐵.

Now, we also know that the coefficients of 𝐷 are not all equal, hence there exists two non-empty com-
plementary sets 𝑈, 𝑉 of indices such that the values of 𝐷 at indices in 𝑈 and 𝑉 are always different and
𝑈 ∪𝑉 = J𝑛K. Consider 𝑃𝑈 the interpolation polynomial such 𝑃𝑈 (𝐷𝑖,𝑖) = 1 if 𝑖 ∈ 𝑈 and 0 otherwise. Let 𝑃𝑉
be defined the same way over 𝑉 . We thus have (𝑃𝑈 + 𝑃𝑉 )(𝐷) = 𝐼𝑛. Thus 𝐴𝑃𝑈 (𝐷) + 𝐴𝑃𝑉 (𝐷) = 𝐴𝐼𝑛 = 𝐴,
and 𝐴𝑃𝑈 (𝐴) ⊆ 𝐴, 𝐴𝑃𝑉 (𝐴) ⊆ 𝐴. Calling 𝐴𝑈 = 𝐴𝑃𝑈 (𝐷) and 𝐴𝑃𝑉 (𝐷) we see that 𝐴 splits into 𝐴𝑈 , 𝐴𝑉 on
support ℎ = 𝑈 , since 𝑃𝑈 (𝐷) and 𝑃𝑉 (𝐷) are orthogonal projections.

The same procedure splits 𝐵 into 𝐵𝑈 ∶= 𝐵𝑃𝑈 (𝐷) and 𝐵𝑉 ∶= 𝐵𝑃𝑉 (𝐷), which have the same supports
ℎ and J𝑛K ⧵ ℎ, so  splits as well. ⊓⊔

Remark 6. In our case, since we work with binary vectors, this is exactly the same definition as the one with
the support ℎ on which we project. But it still works in the non binary case, and might be more interesting.
However, this definition is great as it gives a natural idea for an algorithm checking if a code splits.

For a code 𝖢𝖲𝖲(𝐴,𝐵) with generators and parity checks 𝐺𝐴,𝐻𝐴, 𝐺𝐵 ,𝐻𝐵 , let us consider the following
equation :

(

𝐺𝐴 𝐺𝐵

)

⎛

⎜

⎜

⎜

⎝

𝐷 0

0 𝐷

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

𝐻𝐴

𝐻𝐵

⎞

⎟

⎟

⎟

⎠

= 0 (30)

when 𝐷 is a diagonal matrix on 𝑛 qubits. We know that 𝐷 = 𝜆𝐼𝑛 is always a solution of the equation as
it preserves the codespace. Furthermore, if 𝐷 is diagonal with coefficients not all equal, then it is in the
solution space if and only if the code splits by Proposition 14. This gives rise to the following algorithm.

Algorithm 1 Split testing
Require: Generator and parity checks 𝐺𝐴,𝐻𝐴 and 𝐺𝐵 ,𝐻𝐵 of the codes 𝐴,𝐵
Ensure: Detect if the code splits

1:  ← System_Solving
⎛

⎜

⎜

⎜

⎝

(

𝐺𝐴 𝐺𝐵

)

⎛

⎜

⎜

⎜

⎝

𝐷 0

0 𝐷

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

𝐻𝐴

𝐻𝐵

⎞

⎟

⎟

⎟

⎠

= 0

⎞

⎟

⎟

⎟

⎠

.

2: 𝑑 ← dim()
3: return 𝑑 > 1 ?

This algorithm has complexity (𝑛𝜔) which represent the time complexity of solving a system on 2𝑛
qubits (2 ≤ 𝜔 < 3). This algorithm is intuitive after seeing this new definition but it is not optimal. The
graph theoretical approach will give the splits explicitly in quadratic time.

6.2 Graph theoretical approach
In [1] the author develops a method to identify if a matrix is "reducible" where 𝐹 being reducible means

that it either has a column of zeros or that there is an invertible map 𝑈 and a permutation 𝑃 such that

𝐹 =

⎛

⎜

⎜

⎜

⎝

𝐹1 0

0 𝐹2

⎞

⎟

⎟

⎟

⎠

.
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In our case, the definition of reducibility is the same as the definition of splitting of classical codes. Now to
adapt in our case, we need to obtain the splits of𝑋,𝑍 stabilizers but also compare them and find a common
split. If such a split exists then the code splits.

The following algorithms follows the method from [1] to find if a matrix splits. Intuitively, each qubit
represent a vertex, and we draw an edge between two qubits if there exists a stabilizer in which they both
appear in the row reduced version of the𝑋 and𝑍 stabilizer generators. To make it easier and more efficient
we consider another graph which is the Tanner graph: instead of having each edge labeled by a stabilizer,
qubits have an edge to a stabilizer if they appear in them. We then get the connected components of this graph.
Each connected component represents a part of the split of the code as well as the stabilizer it concerns. We
can then extract the qubits from those components if we only care about the splits. The proof of correctness
of this approach can be derived from the one in [1].

Given generators of its stabilizer group represented as a 𝑟 × 𝑛 matrix, this algorithm returns in time (𝑛+
𝜔 × 𝑛) the split decomposition of a CSS code, where 𝜔 is the maximal number of qubits in a stabilizer of
the generator. Hence for LDPC codes, this algorithm is linear, while it is quadratic in general.

Algorithm 2 Common Block Diagonalization

Require: Stabilizer matrix 𝑆 =

⎡

⎢

⎢

⎢

⎣

𝑆𝑋 0

0 𝑆𝑍

⎤

⎥

⎥

⎥

⎦

Ensure: Partition of columns for common block diagonalization
1: 𝑆 ′

𝑋 ← Row_Reduced_Form(𝑆𝑋)
2: 𝑆 ′

𝑍 ← Row_Reduced_Form(𝑆𝑍 )

3: 𝑆 ←

⎡

⎢

⎢

⎢

⎣

𝑆 ′
𝑋 0

0 𝑆 ′
𝑍

⎤

⎥

⎥

⎥

⎦

4: 𝐺 ← Tanner_Graph(𝑆 ′)
5: 𝐶 ← Connected_components(𝐺)
6: Blocks ← Blocks_From_Connected_Components(𝐶)
7: return Blocks

Algorithm 3 Tanner_Graph
Require: Matrix 𝐹 ( in symplectic form )
Ensure: Bipartite graph 𝐺 with edges between 𝑟𝑖 and 𝑐𝑗 if 𝐹𝑖,𝑗 = 1 or 𝐹𝑖,𝑗+𝑛 = 1.
1: Initialize graph 𝐺 = (𝑅,𝐶,𝐸) where 𝑅 are row vertices, 𝐶 are column vertices, and 𝐸 are edges
2: for each entry 𝐹𝑖𝑗 in 𝐹 do
3: if 𝐹𝑖𝑗 = 1or𝐹𝑖,𝑗+𝑛 = 1 then
4: Add edge (𝑟𝑖, 𝑐𝑗) to 𝐸
5: end if
6: end for
7: return 𝐺
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Algorithm 4 Blocks_From_Connected_Components
Require: Connected components 𝐶
Ensure: Column index for the block diagonalization of the matrix
1: Blocks ← ∅
2: for 𝐶𝑖 in 𝐶 do
3: block𝑖 ← ∅
4: for 𝑐𝑗 column vertex in 𝐶𝑖 do
5: block𝑖 ← block𝑖 ∪ {𝑗}
6: end for
7: Blocks ← Blocks ∪ {block𝑖}
8: end for
9: return Blocks
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